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A GAP IN THE SPECTRUM OF THE FALTINGS HEIGHT 


STEFFEN LOBRICH 


Abstract. We show that the minimum hmin of tho stable Faltings height on 
elliptic curves found by Deligne is followed by a gap. This means that there 
is a constant C > 0 such that for every elliptic curve EjK with everywhere 
semistable reduction over a number field X, we either have h{ElK) = hmin 
or h{EIK) > hmin + C. We determine such an absolute constant explicitly. 

On the contrary, we show that there is no such gap for elliptic curves with 
unstable reduction. 

1. Introduction and Statement of Results 

The Faltings height was introduced by Faltings in his famous proof of the Mordell 
conjecture [1] and gives a notion of arithmetic complexity for abelian varieties over 
number fields. In this article we will only consider elliptic curves, the abelian 
varieties of dimension 1. The spectrum of values of the Faltings height h{E/K) for 
E an elliptic curve over a number field K (see Definition 12.3p was first examined 
by Deligne [2], who showed that it attains a minimum precisely at elliptic curves 
with j-invariant 0 and everywhere good reduction. Deligne also gave an explicit 
expression for the minimal value using the Chowla-Selberg formula. Throughout 
this article we follow Deligne’s normalization. 

Theorem 1.1 (Deligne). The Faltings height for elliptic curves is minimal pre¬ 
cisely at elliptic curves with j-invariant 0 having everywhere good reduction. The 
minimum is given by 

/.«=4log(T(l^)’)=-0.74875248,... 

The minimal value of the Faltings height arises from elliptic curves with com¬ 
plex multiplication by the ring of integers of Q(-\/—3). The Chowla-Selberg formula 
and its generalization by Nakkajima and Taguchi [7] express the Faltings heights 
of CM-curves in terms of finite sums involving the Gamma-function. However, it is 
only in the CM-case that such explicit expressions for the Faltings height are known. 

Zhang showed that heights on arithmetic varieties induced by hermitian line 
bundles with smooth metric have isolated minima (see Corollary (5.7) of [ID]). It is 
therefore natural to ask if the minimum of the Faltings height on elliptic curves is 
also isolated. If so, one can try to determine an explicit gap and look for a second 
minimum. The stable Faltings height /istab (defined in Section 2) is obtained by 
extending the number field such that the curve has everywhere semistable reduction. 
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We show that, similar to the Weil height (see Definition 12.1|) . the values of the 
Faltings height can get arbitrarily close to Zimin, while for the stable Fallings height 
there is a gap behind Zimin- More precisely, the main result of this article is 

Theorem 1.2. There is a C > 0 such that for every elliptic curve E/K we have 

hstab{E/K) = h 

min or hstabiE/K) > h 

min + c, 

or equivalently, for every elliptic curve E/K with j-invariant not equal to 0 we have 

h{E/K) > hrmn + C. 

Moreover, we can choose C = 4.601 • 10“^®. 

For the proof we relate the Faltings height to the modular height (see Defini¬ 
tion IQ) of an elliptic curve. Silverman estimated the Faltings height from below 
and above by the modular height [8]. In Section 3 we will employ estimates for 
the j-function by Faisant and Philibert [3] in order to determine an absolute con¬ 
stant for the estimate from below. This will be a key ingredient for the full proof 
given in Section 4. To study the growth of the Faltings height, we need a result 
by Masser on the vanishing of the non-holomorphic Eisenstein series of weight 2. 

On the other hand, we have 

Theorem 1.3. For every e > 0 there is a number field K and an elliptic curve 
E/K with j -invariant 0 such that 

hjnin < h{E/K) < 

h-min ^■ 

We show this in Section 5 by constructing elliptic curves with j-invariant 0 over 
an appropriate sequence of number fields. These curves have bad reduction at only 
one prime ideal lying over a totally ramified prime number that can be kept small. 

The smallest value of the stable Faltings height on elliptic curves apart from 
Zimin that we could find by numerically testing elliptic curves with roots of unity 
and small Salem numbers as j-invariants in SAGE [9] is Zii = —0.74862817..., 
attained at curves with j-invariant 1 and everywhere good reduction. However, we 
could not prove that the stable Faltings height attains a second minimum. 
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2. Definitions and Preliminaries 

In this section we define the modular height and the Faltings height of an elliptic 
curve. Throughout we denote hy K & number field and by Ok its ring of integers. 
We write E/K for an elliptic curve over K and /e for its j-jnvariant. We denote by 
T = x-\-iy a variable in the complex upper half-plane III and write q = q{T) = 
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A(r) = (27r)^^(7for the modular discriminant and = ^ + 744 + 

... for the modular j-function. We also define the closed fundamental domain 

:= {r G IH : —i < Rer < i and |t| > 1}. 

For every prime number p, we define a p-adic absolute value | • |p on Q by 
l^lp •= Jqj. a: G Q* and |0|p := 0. A place of a number field K is an 

equivalence class of non-trivial absolute values on K. Let denote the set of 
all non-archimedean places of K. It is well known that every non-archimedean 
place on K uniquely corresponds to a non-zero prime ideal in Ok, so we will freely 
identify these two sets. Every non-archimedean place p G restricts to a non- 
archimedean place on Q corresponding to some prime number p. We define | • |p 
to be the absolute value in p that restricts to | • |p. Let Kp denote the completion 
of K with respect to the metric defined by p. The local degree of p is defined as 
rip := [Kp : Qp], 

Definition 2.1. The (absolute logarithmic) Weil height of an algebraic number 
a G AT is defined as 

Ha) ■= XI logmax{l, |CT(a)|} I , 

^ \pGM0^ a:K^C J 

where the second sum runs over all embeddings a : K ^ <C. 

The product formula implies that the Weil height does not depend on the number 
field K containing a. If a G Q* and n = f for coprime integers s, t, then we simply 
have 

h{a) = logmax{|s|, \t\}. 

Definition 2.2. The modular height of an elliptic curve over a number field is the 
absolute logarithmic Weil height of its j-invariant. 

Now we define the Faltings height of an elliptic curve E/K. Let ^EjK denote 
the minimal discriminant of E/K. For every embedding a : K ^ <C, we write ja- 
for (jOe) and choose a To- G El such that j(ro-) = ja- 

Definition 2.3. The Faltings height of E/K is given by 

h{E/K) ■.= ^ ^log|AK/Q(AB/K)| - X log(|A(r^)|Im(T^)®)j -\-Hogn. 

Remark 2.1. The ^ log rr-term has conventional reasons, as we follow the definition 
of Deligne [2] . There are several normalizations of the Faltings height going around, 
all of them differing only by an additive constant. Faltings’s original definition [4] 
does not have the ^ logTr-term. Silverman’s definition [5] differs from Faltings’s by 
—21og27r, because he defines the A-function with a prefactor of (27r)“^^ instead of 
(27r)^^. Of course, our results on the existence and size of a gap are independent of 
the chosen normalization. 

The definition is motivated by Arakelov theory. For an abelian variety A/K with 
Neron model A/Ok, every embedding cr : AT ^ C induces a norm on the sheaf of 
Neron differentials These norms make ioaiok ^ metrized line bundle 

on Ok- The Faltings height of A/K is originally defined to be the normalized 
Arakelov degree of uiaiok (s®® 01 §3)- In case of elliptic curves this is equivalent 
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to Definition 12.31 fsee [8], Proposition 1.1.). 

The Fallings height of EjK depends on the field K. However, it is the same 
for every field over which E has everywhere semistable reduction. To get rid of 
the dependence, we define the stable Fallings height hgtab by choosing a finite field 
extension L/K such that E/L has everywhere semistable reduction and setting 
hstah{E/K) ■= h{E/L). The stable Faltings height does not depend on the field K 
and the chosen field extension. We have hstah{E/K) < h{E/K) for every elliptic 
curve EjK with equality if and only ii E/K has everywhere semistable reduction. 

Sometimes we want to split the Faltings height into an archimedean and a non- 
archimedean part. We set 

ho{E/K) := ^2[i^ ■ Q] Wk/q{^e/k)\ 

and 

h^{E/K) 

so that 

h{E/K) = ho{E/K) + h^{E/K) + i logTT. 

Note that /iq is non-negative. The next proposition tells us how the Faltings height 
behaves under field extensions. 

Proposition 2.1. Let E/K he an elliptic curve and L/K a finite field extension. 
Then we have 

(i) h^{E/L) = h^{E/K) 

(ii) ho{E/L) < ho{E/K) and ho{E/L) = ho{E/K) if E/K has everywhere 
semistable reduction. 

(hi) ho{E/K) = 0 if and only if E/K has everywhere good reduction. 

Proof. (i) For every embedding a : K ^ C there are [L : K] embeddings of 
L that restrict to cr on K. For every such embedding p : L ^ C, we have 
pUe) = o'ijE), SO we may assume that Tp = To-. Hence 

log(|A(r,^)|Im(r^)‘^) = ^ ^ log(|A(rp)| Im(rp)®). 

^ ■ ' p:L^C 

p\a 

Summing over all a and averaging implies the statement. 

(ii) The ideal Ae/l divides Ae/kOl with equality if E/K has everywhere 
semistable reduction. Thus 

El/q{Ae/l) < A[e/q{Ae/kOl) = Ne/q{Ae/k)^^'^^ 

with equality if E/K has everywhere semistable reduction. 

(hi) E/K has everywhere good reduction if and only if Aeik = E)k if and only 
if hoiE/K) = 0. 

□ 

In particular, if Fl/iF has everywhere potential good reduction, then hstah{E/K) = 
hoo{E/K) + i logTT. A well-known result from the theory of elliptic curves states 
that this is the case if and only if /e is an algebraic integer. 
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3. An Estimate between Faltings Height and Modular Height 

In this section we estimate the Faltings height explicitly from below against the 
modular height. We factor the principal ideal (js) as {js) = 212)“^ for coprime 
integral ideals 21,2) C Ok- Then 2) divides with equality if and only M E/K 

has everywhere semistable reduction. Hence we can write A^jK = '^Ie/k for 
some integral ideal Jeik^ such that Je/k = Ok if and only ii E/K has everywhere 
semistable reduction. The ideal ^e/k is called the unstable discriminant of E/K. 
Silverman proved the following result. 

Proposition 3.1 ([ 8 ], Proposition 2.1). There are constants Ci,C 2 such that for 
every elliptic curve E/K we have 

Cl < ^h{jE) + i 2 [r-.q] log |A^A:/Q(7E/Ar)l - h{E/K) 

(3.1) , ^ 

< il 0 g(l + h(j£;)) + C' 2 . 

In particular, if E/K has everywhere semistable reduction, there is a constant C 
with 

- h{E/K) \ < ^ log{l + h{jE)) + C. 

Gaudron and Remond showed that one can choose Ci = 0.72 (cf. [5], Lemme 
7.9). They proved the result for curves with everywhere semistable reduction, but 
it easily extends to the unstable case. We want determine an absolute C 2 in m in 
order to find a lower bound for the Faltings height in terms of the modular height. 

In fact, we show that one can choose C 2 = 2.071. 

Proposition 3.2. Let E/K be an elliptic curve over a number field K with j- 
invariant Je ■ Then 

h{E/K) > j^h(jE) - i log(l + h{jE)) + T 2 \h^ log \NK/QhE/K)\ “ 2.071. 

Before we prove ProDOsition l3.2l we need some preparation. To treat the archimedean 
part we apply estimates for the j-function by Faisant and Philibert. 

Lemma 3.1 ([3], §2 Lemme 1). (i) For every t G W. we have \j{T)\ </{Huit). 

(ii) For every y > 1 we have j{iy) < e^'^^ + 1193. 

(hi) For every t G F we have Imr < | logmaxje, |i(T)|}. 

Now we establish a bound for |j(r)| in terms of Imr. 

Lemma 3.2. For every t G F we have 

logmaxjl, IjXt)!} < 27rImT + logll93 < 27rImT + 7.09. 

Proof. First we show that 

|j(T)| < + 1193 < 2609 

for every t G F with Imr < 1. Since j is a modular function, we have j(iv) = 
X(-^) = 7 (|)- If follows 

|j(r)| <J(^lraT)=j{^)< e^^imr + 1193 < + 1^93 

by Lemma 13.11 (i) and because of Im r > for r S Next observe that for 
s, t G K. with 2 < s < t it holds that 

log(s + t) < log( 2 t) = log 2 + logt < logs + logt. 
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SO by Lemma l3.1l (i) and (ii) we have for Imr > 1 

log|j(T)| <log + 1193) < 27rImr + log 1193. 

Altogether this implies 

(27rImT + log 1193 ifImT>l 
if Imr < 1, 




for every t £ J-. Since Im r > -^ and 

log(e‘‘’^/'^ + 1193) < TT^ + log 1193 

we have in any case 

logmaxjl, |j(T)|} < 27rImT + logll93 < 27rImT + 7.09. 

We also need the following inequality by Silverman. 

Lemma 3.3 ([8], §2 Exercise 1). For every t G we have 

log |A(r)| < —27rlmr + 22.16. 

Proof. Since |(;| < e~^'^ and log(l + x) < x for all x > 0, we have 
^ log |1 - ^ log(l + \qn < E 


□ 


n> 1 


n>l 


n>l 




— \/37T 


l_e-N/37> 


- 1 . 


n>l 


We deduce that 

log|A(r)| = log|g| + 24 E log |1 “ ?"! + 121og(27r) 


n>l 

< —27rImr + 24 —1^+12log(27r) 

< —27rlmr + 22.16. 


□ 


Proof of Provosition \3.‘A First we estimate the non-archimedean part ho{E/K). 
Note that for every prime ideal p C Ok we have 


ordp( 2 l) if ordpQs) > 0 
-ordp(S)) if ordpQs) < 0 ’ 

where (Je) = as above, and thus 

(3.2) max{l, |jb|p} = 

where pp is the unique prime number divided by p and Cp the ramification index of 
p in K/Q. It follows that 


ordp(j£;) = 


E logmax{l, \jE\p} log I 


Pp 


Up ordp (2))/ep 


= log |lVi^/Q(S))| 


(3.3) 


peMf 


ipGMO 


= log \NK/Qi'ZljE/K)\ — log |A^R'/q(7E/R')I 
= ^Og\NK/Q{AE/K) \ — log |A^/q( 7£;/^)| 
= 12[K : Q]ho{E/K) - \og\NK/QhE/K)l 
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Thus 12 ho{E/K) is greater than or equal to the non-archimedean part of the mod¬ 
ular height of E/K with equality if and only \i E/K has everywhere semistable 
reduction. 

Putting the inequalities from Lemma 13.21 and 13.31 together, we obtain 

( 3 . 4 ) - log|A(T)| > logmax{l, |j'(t)|} - 29 . 25 . 

Moreover, Lemma lO (iii) yields 

loglmr < loglogmax{e, |j(T)|} -b log | 

< loglogmax{e, |j('^)l} + 0-41 

Now we can estimate the Faltings height. Setting d := [K : Q], we obtain 
( 3 . 6 ) 

12 dh{E/K) = 12 dho{E/K) — ^ log(|A(rCT)| Im(rCT)®)-b 6 dlog tt 

a-.K^C 

El 

> ^ nplogmax{l, IjbIpI- blog|Ax/Q( 7 B//f)| 
pgmo 

- ^ log |A(Tcr)| - 6 ^ logImTo--b 6 dlogTT 

a:K^C cr-.K^C 

El 

> ^ Up logmax{l, IjbIpI + ^ (logmax{l, - 29 . 25 ) 

PGM^ ct-.K’-^C 

- 6 ^ (loglogmax{e, Ijsla} + 0 . 4 l) 

a:K^C 

+ GdlogTT -b log |A^a:/q( 7 e/a)| 

> ^(^(je) - 24 . 85 ) - 6 ^ loglogmax{e, 

a-.K^C 

+ log \Nk/q{Je/k)\- 

The geometric-arithmetic mean inequality yields 


(3.7) 


^ loglogmax{e,|jE|<.} = log logmaxje, IjeIct} j 

t-.K-^C VcriiC^C / 

^ log 7 logmax{e, \jE\cr) 

\ a-.K-^C ) 

<<ilog l + i ^ logmax{l, IjeIct} J 

V a-.K^C / 


< dlog(l -b h{jE)). 

Now Proposition 13.21 follows by plugging dSH) into (1^ . 


□ 
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4. Proof of Theorem 11.21 

Now we want to prove Theorem ll.21 Assume throughout this section that Je ^0. 
Let Q = denote the third root of unity in H. For r G H we define 

F(t) :=-ilog(|A(r)|Im(r)6), 

so that 

^ a-.K^C 

Also note that V{q) = hmin + 5 log tt. Since A is a modular cusp form of weight 12, 
the function V is invariant under the action of SL 2 (Z) on HI and goes to infinity for 
Imr —>■ 00 . Therefore we may assume that all the lie in T. 

The idea is that if r G -F\{£), —is close to q or then becomes 

large. Consequently, h{j{T)~^) = h{j{T)) becomes large. If this happens for too 
many {Tcrlo-rR^c, then E/K has a large modular height. Because of Proposition 
13.21 the curve EjK cannot have a too small Fallings height. If on the other hand a 
certain part of the {Ta}cr-.K^c lies far from both g and —g^, then the corresponding 
become too large for A/AT to have a small Fallings height. We will 
now make this idea rigorous and divide the proof into several lemmas. 

Remark 4.1. The function 

X H> r^x - i log(l + a;) 

is monotonically increasing for x > 5 and becomes greater than 1.323 for x > 37.84. 
Thus if h{jE) > 37.84 then 

h{E/K) > ^h{jE) - 5 log(l + h{jE)) - 2.071 > -0.748 > + 0.0007 

by Proposition 13.21 

Lemma 4.1. Let P G (0,1) and assume that je ^ 0 and that at least a fraetion of 
P of the eonjugates {ja}( 7 :K^c of Je satisfy 

Ij.lSe-’' -" :=S(P}. 

meaning that 

\{a-.K^C-.\j^\<e{P)}\>P-[K:q\. 

Then we have h{jE) > 37.84 and therefore h{E/K) > hmin + 0.0007 hy Remark 

o 

For the next lemmas we define 

Bs := {t e P : |r — pj < d or \t g^\ < J}. 

Lemma 4.2. Let 0 < £ < 5.08 • 10“^ and 6 = 0.027 • Then for every t G Bg 
we have |j(T)| < e. 

Lemma 4.3. Let 5 G (0, i), q := —q{g) = e~'^^ and define 


S' ■■= 
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and 




(l-q2)(l_g2g-4^5') (l-g2)2- 

Then for every r € T\Bs we have 

ViT)>Vig) + C{6'). 

First we prove that Theorem 11.21 follows from Lemma [4.1114.31 

Proof of Theorem \1.2\ By Lemma [4.11 we either have h{E/K) > /imin + 0.0007 or 
at most a fraction of P of the {ja}a-.K^c satisfy \ja\ < e(F). Let 


5{P) := 0.027- ^e{P). 

Note that e{P) < < 5.08-10“® and 5{P) < \ for every P S (0,1). It follows 

from Lemmathat at most a fraction of P of the {Ta}a-.K^c satisfy S Bs(^p). 
In this case Lemma 14.31 implies 


h{E/K) > h^{E/K) + i logTT = 


+ 9 log' 


a-.K^C 


( 


[K : 




E E 


a-.K-^C 

\t„€Bs(p) 

( 


<7\K^C 


+ - log TT 


/ 


> 


\ 


{K, 

> /imin + (1 - P)C{S'{P)) 


E ^-in+ E ihmin + C{6'{P))) 


. a-.K^C 

Yct^Bs^P) 


<7: K^C 
Tcj^Bs(P) 




where 


d'{P) := id(P)^l-M _ ^s{Pf 
and C{6') as in Lemma [4.31 As P was arbitrary, we obtain a gap of 
min{0.0007, maxpg(o,i)(l — P)C{S'{P))}. 

We will see that maxpg(o_i)(l — P)C{S'{P)) is much smaller than 0.0007, so the 
gap function is given by 

P^{1-P)C{S'{P)) 


=(1 - P){l6'iP) - 1 log (^1 + + 

2 g®(l - ; 


1 + 9 


1 _|_ q3 (^l — _ q2g-4Tv5'{P)'j ^l — q2yj' 

Numerical computations at high precision in SAGE [5] suggest that the function 
has a maximum at 0.964.... So we choose P = 0.964 and obtain a gap of 4.601 - 
10 - 1 ®. □ 


Now we prove Lemma [4.1144.31 
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Proof of Lemma \4-1\ First note that e{P) = e“37.84/p < i for P g (0,1). Assum¬ 
ing that at least a fraction of P of the {ja}(T-.K^c satisfy \ja\ < s{P) and that 
jie 7 ^ 0 we obtain 

HfE^) > , Y. logmax{l,|>|-i} 

^ a:K^C 

E logmax{l,|j,|-i} 

^ a-.K^C 

\3^\<s 

= 7^^ E “ I - 

^ a-.K-^C 

IA|<£ 

It is well-known that h{a~^) = h(a) for every a G Q \ {0}, which proves Lemma 

oi □ 


Proof of Lemma Bilu, Luca and Pizarro-Madariaga showed that 

|j(r)| < 47000 -It-0|3 

for all T S -v^rith |r — p| < 0.001 (see [I], Proposition 2.2). Thus if e < 5.08 • 10“® 
and (5 = 0.027 • then S < 0.001 and \j{T)\ < e for all r G P with \t — q\ < 5. 
The same statement holds for —g^ instead of g. □ 


To prove Lemma H31 we first show that we can restrict ourselves to the half-line 
Rer = —i; 


Lemma 4.4. For all t = x + iy £ F' we have 

V{t) > V{-\+iy) 

and V is monotonically increasing on the half line defined by x = 


— i and y>^. 


Proof. We regard R as a function of the real variables x, y and examine the partial 
derivatives. Let 


E2(x,y) :=l-24^ 

n>l 


nq^ 

1-9" 


3 

Try 


denote the non-holomorphic Eisenstein series of weight 2. Direct calculation shows 
that 

dxV{x,y) - idyV(x,y) = -fE2ix,y). 

According to Masser’s proof of Lemma 3.2 in [^, we have E 2 {x, y) £ M. and hence 
dj:V{x,y) = 0 if and only if x G \l. In the expression 


|A(x,y)| = ( 2 ^)i 2 | 9 | J] |1 - 9"|24 = ( 2 ^)i 2 | 5 | (i _ 2 Re( 9 ") + 

n>l n>l 


only the Re( 9 ")-term depends on x. For fixed y > 0 the product is minimal 
if 9 > 0, i.e. X G Z. Therefore it has to be maximal for x G ^ -I- Z. Hence 
V{x,y) = — log(|A(x, ?/)|y®) is minimal for x G ^ + Z if y is fixed. Furthermore, 
Masser’s proof shows that the only zero of E 2 on the half-line x = — ^ in HI is 9 . 
Since dyV is continuous and limy_>.oo V{x,y) = 00 , it follows that dyV{—^,y) > 0 
for 9 > , hence V is monotonically increasing on this half-line. □ 
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Proof of Lemma \4.3[ For S € (0,^), the upper intersection point w of the circle 
|t — p| =6 and the unit circle has imaginary part 


Imw = ^ + \5\J\ — ^= Imp + 5'. 

Since this is the smallest possible imaginary part on the two arcs constituting 
dBs n we have Imr > Imw = Im q + 5' for every r G J-\Bs. By Lemma we 
have 

V{t) > V{—^ + i Im r) >V{q + i6') 

for every r G J-\Bs, so it suffices to show the estimate for g + iS' G —\+ ® 
. For the rest of the proof we set q := —q{g) = and t := so that 

q{g + iJ') = —qt. First we estimate the difference of the infinite product of A(r). 

I - {-qif 


log nil - (-9i)"i - log n ii - (-9)”i= E log 


n>l 


n>l 


n>l 


1 - (-g)- 


^E 

n>l 


1 - {-gty 

1 - {-qY 


- 1 


(-gr(l-t") 
^ 1 - {-qY 


(*) q{\-t) qY\-tY 

1 + g 1 + g3 

g(l-t) q^{\-Y) 


n>l 

31 1 


1 - g^ 


^g2n(i _^2n) 


k n> 1 


l + g 1 + g^ (1 — g2)(l — g^t^) (1 — g^)^ 

For (*) we used that since 0 < g, t < 1 we have 

{-qYi^-n 


1 - (-g)- 

for n odd and 0 < g" < g^ for n > 2 even. 
Hence we have for r G B\Bs: 

V{t) - V{g) > V{g + i6') -V{g) = “^log 


< 0 


A(p + iS') 


A(p) 


1 


26' 






^>l 


1 — e 


— 27rnS' 


{-qY 


1 - (-g)- 


1 


- - log 1 + 


26' 

7! 


> -<5'--log(l + —5' 


2 g(l-, 


') 2g3(l - 


l + g 

2 2 

(l-g2)(l-g2e-4-5') “ (1 - g2)' 


= C{6'). 


□ 


5. A Construction for the Case = 0 

In this section we show that if Ef K with je = 0 is not supposed to have every¬ 
where semistable reduction, then h{E/K) can get arbitrarily close to /imin- 


First we recall a well-known result on Eisenstein polynomials. Let A be a number 
field, p C Ok a prime ideal, / G Ok\X] a monic Eisenstein polynomial for p of 
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degree n and a a zero of /. Then / is irreducible in i4r[X] and p is totally ramified in 
the extension K{a)/K. If in particular K = Q, p = (p) and furthermore /(O) = p, 
thenpC>Q(„) = a"C>Q(Q,) and iVQ(a)/Q(a) = (-!)>■ 

Lemma 5.1. Let n> 1 and p a prime number with p = (—l)"mod9. Then there 
is a manic polynomial f of the form 

n 

(5.1) f{x) = {x-ir+ 

k=l 

with S Z and /(O) = p that is Eisenstein for p. If a is a zero of f, then |(a— 1) 
is an algebraic integer. 

Proof. Let p = (—1)" + 9m and / a polynomial of the form (j5.1ll . We have to show 
that there is a vector b = (6 i,..., € Z" such that /(O) = p and / is Eisenstein 

for p. Let oi,..., a„ G Z such that f{X) = X" + X]fe=i We have 

71 

/(O) = a„ = + (-1)". 

k^l 

Thus the condition that /(O) = p can be written as 

n 

(5.2) fj{b)-.^Y.^-ir~''9'^~'^k=m. 

fe=i 

One integral solution is ui = ((—l)”“^m, 0,..., 0)^, so the solution set of (15.211 
is given by iti + keri/j. We write F” for the n-dimensional vector space over the 
field with p elements and a tilde for component-wise reduction modp. Obviously 
keri/j is an (n — l)-dimensional subspace of Fp that contains keiip. Since ken/’ is 
a primitive subgroup of Z”, the subspace ken/ is also (n — l)-dimensional. Hence 
we have ken/ = ken/, i.e. every vector v G ken/ lifts to a vector v G ken/. 

Let now a = (oi,..., a„_i)^ G Z”“^. Then a and b are related by the system of 
linear equations 


/ 9 0 • 

0\ 


(bA 


/ 

—n 



ai \ 

-9(n-l) 92 • 

0 


^2 

-b 


(3 


02 


V(-l)"9(n-l) 

• 9"-i oj 




l(- 


^nj 




which we will write as Ab + U 2 = a. H is a lower triangle (n — 1) x n-matrix with 
nonzero diagonal entries and therefore has rank (n — 1). The coefficients Ok are 
divisible by p if 

Ab + U2 = d = 0. 

Since the diagonal entries of A are not divisible by p, the reduced matrix A also has 
rank (n — 1) and we have kerH = {0}"“^ x Fp. It follows that ker ?/ O kerH = {0}, 
so A defines a bijection between ker'i/ and Fp“^. Let u := Aui + U 2 . Then the 
system 

Ah' -I- u = 0 
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has a unique solution b' G ker'0, that lifts to an integral vector b' G kerijj. Let 
b = ui + b' . Then ipib) = m and 

Ab + U2 = A{ui + 9 ) + U2 = A9 + m = 0 , 

so the polynomial defined by b has the desired properties. 

Let eventually p be a prime in OQ(a) lying over 3. Then 

|a - 1|^ < maxi<fe<„ \9%{a - l)"-'=|p < 9-'=“|a - 

for some feg. Thus \a — l|p < 9“^. □ 

Now we are ready to construct the appropriate number fields. 

Proof of Theorem \1.S\. For an algebraic integer a G Q , we consider elliptic curves 
with j-invariant 0 given by the equations 

(5.3) Ei:Y‘^ + aY = 
with discriminant Ai = —27a^ and 

(5.4) E2:Y‘^ = X^ + (p2 _ 1)^2 - Q^X + - 1), 

where again g = ^ with discriminant A2 = 16a^. Note that = 0. 

One can think of E 2 as a disturbed Legendre equation. Let K = 

Q( v'^^s) and L = K{a). Then we have [iF : Q] = 12 and i, g, G K. The 
discriminant of the extension iF/Q is 2^® • 3^^, so 2 and 3 are the only primes that 
ramify in iL/Q. The change of variables 

A = ^((l-p)A'-l), Y=\{^C^Y'-a) 

shows that Ei/L and E 2 IL are isomorphic. We denote the corresponding curve by 
E/L. Now we assume that a is coprime to 2 and 3. Then ( 15 . 3|) is a minimal Weier- 
strafi equation at every prime in Ol lying over 2. If “1) is an algebraic 

integer, then ( 15.411 is integral and therefore minimal at every prime in Ol dividing 
3. In this case, EfL has bad reduction only at primes dividing a. 

Our task is to choose a suitable a. Let n > 1 and p a prime number with 
p = (—1)” mod 9. By Lemma EH] there is a monic polynomial / G Z[A] of degree n 
that is Eisenstein for p and of the form with /(O) = p. We choose a to be a zero 
of /, so that I (a — 1) and hence also — 1) is an algebraic integer. Moreover, 

p factors as pC>Q(a) = a"C>Q(Q,). We have p > 5, so p does not ramify in K/Q. Let 
pOx = pi • • - pm be the prime factorization of pOx- Regarded as a polynomial in 
Ox\X\, f is monic and Eisenstein for every pj and therefore irreducible in K\X\. 
Thus [L ■. K] = n and every pj is totally ramified in L/iL, say pjO^ — IP". Now 
we have 

a^OL = pOl = Pi - ■ - pmOL ■■ 

It follows that aOr = ^1 ■ ■ -iPm, so uOl is unramified in L/Q{a). If q C Ol is a 
prime ideal dividing aOr, then 

ordq Ai = ordq A2 = ordq (a'^Oi) = 4 < 12. 

It follows that (|5.3(1 and (15.4(1 are minimal Weierstrafi equations for E/L at q. Hence 
Nl/q{9e/l) = NL/Q{a^) = iVQ(„)/Q(a)4R^Q(“)l =p4R^«“)l. 
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and 


ho[E/L) = 


■ logiVi/Q(AB/i) = 


4[L : Q(a)] 


logp = 


logp 


12[L : Q] ' ' 12[L : Q] 3n 

We can keep p bounded as n grows, for example we may choose p = 17 for n 
odd and p = 19 for n even. Then ho{E/L) gets arbitrarily close to 0. Since 
hoo{E/L) + ^ logTT = Zimin for all elliptic curves E/L with j-invariant 0, this implies 


Theorem 11.3 


□ 
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